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(These Lecture Notes replace neither the Text Book nor the Lectures)

Part 7
e Inner Product, Length, and Orthogonality.

e Orthogonal Bases and Orthonormal Bases of R".
e Orthogonal Projection of one Vector onto Another.
e Orthogonal Projection of one Vector onto a Subspace of R".

e The Angle between two Vectors.
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INNER PRODUCT, LENGTH, and ORTHOGONALITY
(A1 U1
(%) V2
Definition: Let u = and v =
Up Un
Then the inner product of u and v is
U1
T V2
U-Vv=1u v:[ul Uo Up, : = ULV] + UVg + -+ + UpVUy,.
Un
3 6
Example: Let u=| —1 |, v=| —2 |. Then
-5 | 3
6
uw-v=uv=[3 -1 -5 -2 | =3-6+(-1)-(-2)+(-5)-3=18+2—-15=15,
3

and

3

vou=viu=06 —23]| -1 | =6-3+(=2)(-1)+3-(-5) =18+2—15=5.
-5

So,u-v=v-u

Properties of the inner (dot) product

Let u, v, and w be vectors in R™ and ¢ be a scalar. Then,

l.u-v=v-u

2. (u+v) w=u-wHv-w

3. (cu) - v=rclu-v)=u-(cv)

4. v-u>0and u-u=0<+= u=0.
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Definition (the length of a vector):

Then, [[v]]* = v - v.

U1
Ifv=| “?|in R", then the length (or norm) of v is defined by ||v|| = /v - v.
Un

A vector whose length is one unit is called a unit vector.
2

Example: Let v = { -3 ] Find the length of v and a unit vector in the

1
direction of v.
Solution:

]2 = v-v=2"+(=3)*+1*= 14,

o] = V14
A unit vector in the direction of v is

y 1 2 2/v/14

u=—=—| -3 |=| -3V
HUH \/ﬁ 1 1/\/ﬂ

The process of creating u from v is called normalizing v.

1
Example: Let W Span{ { -1 ] }
2

Find a unit vector v which is a basis for W.

1
Solution: let u = | —1 |. Then, ||u|| = \/12 +(=1)24+22 = V6.
2

1 1/v6

1 1
v=—u=—=| —-1|=| -1/V/6
\/6 \/6 2 2/\/6
_1/\/6
Another unit vector: —v{ 1/\/6].
_2/\/6
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Properties of length:
(i) flull =0

(ii) [|[u]| =0 <= u=0

(iil) ||kul| = |k| ||ul|, k is a scalar.
(

iv) |u+ ol < |lull + [Jv]

Definition (Distance between u and v):
Let u,v in R™. Then the distance between u and v is the length of the vector

u —v. That is
dist(u,v) = ||lu —v||.
1 2
Example: Let u = [ 2 J and v = [ 1 J in R3.
-1 1

1
dist(u,v) = |ju—v| = [ ; ] = \/(—1)2 +12 + (-2)2 = V6.

Properties of distance:
(i) dist(u,v) >0

(ii) dist(u, v) = dist(v, u)

(iii) dist(u,v) = 0 <= u = v.
(

iv) dist(u,v) < dist(u, w) + dist(w, v)
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Definition (Orthogonal vectors): Let u and v be two vectors in R". Then
u and v are orthogonal to each other (u L v) if u-v = 0.

Note: Zero vector is orthogonal to every vector.

Example (The Phythagorean Theorem): Let u and v in R". Show that

u L v lutol]* = [ul® + o]~
Solution:
fu+v|* = (u+v)- (u+0)
lutol = lull* + o] +2u-v (%)
Then the result follows from (*).
Exercise: Let v and v in R". Show that
ulve|lu+tv|]?=lu—v|?

Hint: Consider the equations
[lu+ | = [Jul* + [[v]]* + 2u - v and [[u—v|* = [[u[|* + [[v|]* — 2u v

Question: Does
[l + v+ 2| = [[u]* + [ [v]|* + |2

imply that {u, v, z} is an orthogonal set?

1 0 1
Answer: No. Takeu= |1 [,v=| —1 | and z= | —1 |. Then,
0 1 0
9 7112
lu+v+z|>=||| -1 =6,
1

lull® = lloll* = [[2l1* = 2, llu + v + 2[* = [Jul® + [Jv]]* + [12]]*

But {u,v, z} is not an orthogonal set.
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Definition: Let W be a subspace of R".

1. If z € R" is orthogonal to every vector in W, then z is said to be
orthogonal to W.

2. The set of all z that are orthogonal to W is called the orthogonal com-
plement of W, and is denoted by W+. That is ,

Wt={:eR"| 2L W}.

Example: Let W = Span{[ é ]} Then, z = [ ? ] 1L Wand Wt :Span{[ ? ]}
0
1 .
0
0
1 W and W+ =Span 0 )
1

1 1
Example: Let uy = | 2 |, uo = | —1 | and S = {u;, up}. Find S*.
1 —1
x
v=11Y
z

r4+2y+2=0 andx —y—2=0.

1 2 1]o L2 oafo]
1 -1 —1]0 0 —3 —210 U=

1
Example: Let W = Span { { 0 ] ,
0

0
0
1

Then, z =

Solution:

eSt«—v-uy=0andv-uy=0.

So,
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1
Example: Let b = | —2 |. Find two linearly independent vectors which
4
are orthogonal to b.
Solution:
X1 1
= | a9 | L | -2 | << 21— 229 +423=0.
T3 4
X1 i [ 21’2 — 41’3 2 —4
i) = i) = T2 1 + I3 0
Z3 | L T3 0 1
[ 2] —4
The vectorsu= | 1 | and v = 0 | are linearly independent and
0 1

they are both perpendicular to the vector b. In fact, b L Span {u,v}.

Exercise: Show thatif y Luandy L v=y L (u+v).

1 1 -1 1 1 1 -1

Note: | 1 | L | -1 |+ T{but |1 | L| —-1]and |1 | L 1

1 2 -2 1 2 1 -2
Theorem:

i. A vector z is in W+ if and only if x is orthogonal to every vector in a
set that spans W.

ii. W+ is a subspace of R".

Remark: If = is in both W and W+, then z = 0.
Proof: If t ¢ W and x € W, thenz L 2. Thusz-2 =0 = 2 = 0.

W nwt={0}
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Theorem: Let A be an m x n matrix. Then,

(i) (RowA)* = NulA (ii) (ColA)* = NulA”

Proof (ii): In (i), replacing A by A7 gives (RowA” )t = NulA”,
i.e (ColA)t = NulAT.

Exampe: Let A = [ 5 2

6 4 ] Find (Col A)+.

Solution: Let z = [xl ] € R?.
X2

_II_L_?’_(:»S + 629 =0

s 6 T ZTo = U.

| | | | lxll l_2‘|

= xr = = Xy

- - _2_ X9 1
X1 .
-xz_L-4_<:>2l’1+41’2—0.

(Col A)- = Span {l _f ”

e A set of non-zero vectors S is called an
orthogonal set if each vector in S is orthogonal to other vectorsin S,
ie,

S ={v1,vq,...,v,} is an orthogonal set <= v;-v; =0if i # j.

An orthogonal set in which each vector has length 1 is called an or-
thonormal set.

A basis consisting of orthogonal vectors is called an orthogonal basis.

A basis consisting of orthonormal vectors is called an orthonormal
basis.
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An orthogonal set in R3: {

An orthonormal set in R®: {

13 2/3
2/3 |, | —1/3
2/3 2/3
Orthogonal bases for R3:

s s

Orthonormal bases for R®:

(1 0] o ~1/3 2/3 2/3
Bi=<lo|,[1],l0|}, Bs= 2/3 |, -1/3 |, 2/3”,
[HEHEH S RS

(VAT [ -2/V12) [5/V42
82{ —2/V/14 |, | 2/V12 ,[4/\/6“.
3/VIA ] [ 2/V12 ] [1/v42

An orthogonal set in R*: { [

O = NN

L)

1 —1 1 0
1 1 1 0
- 4.
An orthogonal basis for R*: NE ol -1 1ol(
0 | 0 ] 0 1
[ 2/v24 ] 0 —2/\/6
2/v/24 2/\V6 0

An orthonormal set in R*:

4/ || UV T 1/VE
o | L Ve 1/v6

N}
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1//6 —1/v2
An orthonormal basis for R?: ;;ﬁ , 1/ 6/5
0 0

1/v3
’ _1/\/§ ’
0

1/V3

_— o O O

Definition:

An orthogonal matrix is a square matrix with orthonormal columns.

Theorem:

An m x n matrix U has orthonormal columns if and only if UTU = I.

Proof: For simplicity, suppose that U has only three columns, each a vector

in R™. Then, U = [u; us us]mxs and

T T T
Trr T _ T T T
U'U=1| uy [ur us Uglmxs = | uzur uzus usus3
ul T T T
3 13xm Uz U UzUz U3U3

Thus, an orthogonal matrix is a square
Ut =U".
-1/3  2/3
2/3 —1/3 |.

2/3  2/3

Remark: Let U =

U is a non-square matrix with orthonormal columns.

-1/3  2/3
. | =1/3  2/3 2/3 B I
UU—[ 23 —1/3 2/3” gg ;g]lo
-1/3  2/3 13 93 23 [ 5/9
vt =1 2/3 —1/3 l ]:: —4/9
23 23 ] 2/3 —1/3 2/3 29

o O =
O = O
_ o O

]3><3

3x3

invertible matrix U such that

0
0]

—4/9 2/9
5/9 2/9

]7“.
2/9 8/9
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—2/V/5 0 1/v/5

0 1 0
U is a square matrix with orthonormal columns. Then, rows of U are or-
thonormal as well.

(1/vV5 —2/V/5 01 1/V/5 0 2/v/57 [1 0 0]
0 0 1 —2/v/5 0 1/v/5 | =10
1 2/vV5 1/V/5 0] | 0 1 0 | 00 1

Example: Let U =

1/vV/5 0 2N5]

U =

—_
=)

1/vV5 0 2/V/51[1/V/5 =2/v/5 01 [1 0 0]
vut = | =2//5 0 1/V5 0 0 1]=]0
0 1 0 ||l2/VvV6 1/V/5 0] 00 1

—_
=)

vt =U0"U=1=U'=U"T.

2/3 —1/3  2/3
2/3  2/3 —1/3

Example: Let U =

~1/3  2/3 2/3 ]

U is an orthogonal matrix = U =U = U U=UU=1 = U""' = U.

|

] is a diagonal matrix but not the identity ma-

1
Example: The columns of the matrix A = | 0
2

—_ O N
O = O

are orthogonal but not orthonormal.
Hence, A is not an orthogonal matrix.

Note that ATA =

S O ot

0
1
0

o O O

trix.
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Theorem: Let U be an m x n matrix with orthonormal columns, and let x
and y be in R™. Then,

(a) [[Uz|| = ||«
(b) (Uz)-(Uy) =x-y
(c¢) (Ux)-(Uy)=0if and only if z -y = 0.

Proof:
(a) ||Uz|)?=Ux - Uz = (Uz)T(Uz) = (2TUT)(Ux) = 2712 = ||z||%
(b) Uz Uy = (Ux)"(Uy) = (z"U")(Uy) =TIy =z - y.

Part (c) follow from part (b).

Remark: The linear transformation 7'(z) = Ux preserves lengths and or-
thogonality.

Theorem: If S = {uy,us,...,u,} is an orthogonal set of nonzero vectors in
R", then S is linearly independent.

Proof: Let 0 = cju; + coug + - - - + ¢cpu,, for some scalars ¢y, cg, ..., ¢,. Then,
0-up = (crug + coug + -+ - + cpuyp) - ug
0=cruy - us + coug - Uy + - -+ + cpup - U1,
O=cur-u; +04+---40, (since w;-u; =01if i # j).
O=ci|lwm|P=c1=0 (u; #0).

Similarly, we can show that c; = 0,...,c, = 0. Thus, S is linearly independent.

Theorem: Let {u,us, ..., u,} be an orthogonal basis for R"™.
Then for each x € R™,
X - U;

T = Cciuy + coug + -+ + cpu,, Where ¢; = , 1=1,2,...,n.
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Proof: For a fixed i, 1 <1¢ <n,
z-u; = (G + cug + -+ F ) - uy = (g - ),

which gives

c; = T (since u; # 0, u; - u; #0).
1 —1 2 2
Example: Let x = | 2 | ,u; = 2 l,bup = 1| -1 |,u3 = 2 | and
3 2 2 —1

S ={uy, ug, us}. Express = as a linear combination of the vectors in S.
Solution: Clearly u; - u; = 0, when ¢ # j.
Thus, S is an orthogonal basis for R? and

T = ClUuy + CU2 + c3ug,

where
T - Uy 9 T - U 6 2 T - U3 3 1
C1 = ___17 Co = =-=5, &= - 3 5
Ul - U 9 Uz * U2 9 3 us - us 9 3
1 —1 2 2
2 1
21 =1 2 — | —1 — 2
+3 +3
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Orthogonal Projection of one Vector Onto Another

Let u be a non-zero vector in R" and let y be a vector in R".
We can decompose y into a sum

y=y+z,
where
N . y-u A
y=proj,y=-——u and z=y— .
U-u
g € Span{u} and z L u.
7 is “the orthogonal projection of y onto u”

z is “the component of y is orthogonal to u.”

y=au-+z ()
z=y—au
zlu=y—aulu= (y—au) u=0.

Thus,

(*) and (**) gives y = YUt
u-u

Clearly y = au and z L u.

N . y-u
Yy=Dpropy=—1u

IS
IS

Let L =Span{u}. Then, proj,y =proj.y.
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Example: Let y = l2],u:l7].

6 1
Write y as the sum of a vector in Span{u} and a vector orthogonal to u.
Solution:
. yeu o 200 7| | 14/5
g = mu_ﬁlll_[ 2/5] € Span{u}.

2 14/5 —4/5
= y_y:[G]_[ 2/5]:l 28/5]L“'
A 27 [14/5 —4/5
e iR AR
1 0
Example:Lety[l],u[i&].
4

Write y as the sum of a vector in Span{u} and a vector orthogonal to u.

Solution:
y-u - 0 0
7 U o 3 /25

u-u 4 28/25
1 [0 ] 1
o= y—g=|1|-]21/25 | =| 4/25 |.
1 | 28/25 | —3/25
1 [0 1
y=9+z= | 1|=|21/25 | +| 4/25
1 | 28/25 | —3/25
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Example: Let x = [ _g] and u = [;]

Compute the distance from x to the line through u and origin.

Solution:
R T-u 15| 1 3
I = — u=— = .
u-u 51 2 6

The distance is

dist(z, )

== 3Rl

— (=62 +3 =45 =3V5.

Orthogonal Projection of one Vector onto a Subspace of R"

Definition: Let W be a subspace of R"™ with an orthogonal basis
{u1,uz,...,u,} and let = be a vector in R™.

The orthogonal projection of x onto W is

proj, r = proj,, T+ proj,,r+---+ projupx

T - Uy T - U X - Up
= up + up+ -+ —2u,
U - Uy Uz * U2 Up * Up

Theorem: Let W be a subspace of R".
Then each vector x € R" can be written uniquely in the form

r=2+z,
where & = proj x € W and z =2 —2 € W+,

x = I + z is called the orthogonal decomposition of x onto .
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) 1 1
Example: Letx = | 1 |, uy = | —1 | ,up = | 1 | and W = Span {uy, us}.
3 0 2

Find the orthogonal decomposition of z onto W.

Solution: {u;,us} is an orthogonal basis for W.

1 1 4
. . 4 12
i':xUI (VA1 xU2UQ:§ - g 1 = 0 eWw.
U+ U U * U 0 2 4
5 4 1
z = ax—d=|1]|-|0|=] 1|ewh
3 4 -1
5 4 1
T = T4+z=|1|=]0]+ 1.
3 4 -1
6 3 —4
Example: Let y = 3 l,uy= 1|41, and upy = 3 |. Write y as the
-2 0 0

sum of a vector in W = span{u;,us} and a vector orthogonal to W.
Solution:

3 —4 6
LY Y- U 30 15
= =— 4| = 3|1 =13|eW
4 Up - Uy ur Uz * U2 12 25 |: ] 25

0 0 0
6 6 0

= y—g=| 3|—-[3|=| 0|ew"
—2 0 —2
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—1 1 —1
Example: Let y = 4 up=1|11,us= 3 | and W = Span {uy, us}.
3 1 —2

a) Find the orthogonal projection of y onto W.

b) Write y as the sum of a vector in W and a vector orthogonal to W.

Soln: a) {uy,us} is an orthogonal basis for W.

b)

1 —1 3/2
. . 6 7
g}zyul u1+yU2 u2=§ 1 ‘I'ﬁ 3| =172
Uy - U Uz - U2 1 —9 1
—1 3/2 —5/2
2= y—g=| 4|—-|7/2]|=| 1/2
3 1 2

y = §+z wherege W and z € W,

The Best Approximation Theorem:
Let W be a subspace of R", and y be a vector in R". Let y be the orthogonal
projection of y onto W. Then, y is the closest point in W to y, i.e,

ly =91l < lly = vli

for all v in W distinct from g.

Definition (The distance from a point to a subspace):
The distance from a point y in R"™ to a subspace W is defined as the distance
from y to the nearest point in W.

dist(x, W) = dist(z,z) = ||z — z|.
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1 1

Example: Let x = g |sm1=1] _q |u2z=
3 -1

a) Find the orthogonal projection of z onto W.
b) What is the nearest point in W to z?

c¢) Find the distance from z to W.

d) Find an orthonormal basis for W.

Solution: a)

R . T - Uy T - Uy -2
T =proj xr = u Uy = —
p JW Ul - Uy ! U2 - U 2 4
0
o o —1
b) The nearest point in W to = is & = 0
1

c) The distance from = to W:

[

21 [ o]
dist(z, W) = dist(z,2) = ||z — z|| = l2‘—[ 0‘ =
3 1

To1/2
1/2
~1/2 |

[ —1/2

d) An orthonormal basis for W is

1/2
~1/2
~1/2

1/2

and W = Span{uy, us}.

1 0
—1| | -1
-1 ] o

1 1
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The Angle between two Vectors

The angle between two non-zero vectors u and v is

COSQZ&, 0<0<7|
[[wl (o]

Proof in R?: Consider the vectors u = [ Zl ] ,U = [ :1 ] and the triangle
2 2

with sides of length ||ul|, ||v|| and ||u — v||. By the law of cosines,
lu = l|* = [lull® + [[0]* = 2[[u]| o] cos 6.

Thus,

1
lull o] cosé — 5[||u||2+ fo]l2 ||u—v||2]

2
= UIV1 + UV = U -V

1
= —[uf%—ug%—vf%—v%—(ul—vl)z—(uz—vg)z

Proof is similar for vectors in R3. Formula may be used to define the angle
between two vectors in R™ for n > 3.

Example: Find the angle 6 between the pairs of vectors in each part:

wuzlikv:[gy

0 U-v 3 1 .9 T
cosf = = - ———
Jull ]l V2V V2 4
1 1
1 0
b) u = 11v=1g
1 0
0 U-v 1 1:>9 T
cosf = = S .
Jull o]l V4v1 2 3
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1 1
Su=| o ]!
u=| _; [ 1
—1 1
0 U-v -2 —1:>9 2
cosf = = - - -z
Jull vl V4/4 2 3
4 1
-2 3
d) u= 11v= 19
0 1
. 0
cosf = u-v :0:>9:E

lull flvll V15721 2




